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In all propositions, G denotes a finitely generated profinite group.
We define the Dirichlet series
PG(s) :=
∑
n∈N
an(G)
ns
, with an(G) :=
∑
|G:H|=n
µG(H)
where µG is the Mo¨bius function defined on the lattice of open subgroups of G recursively by
µG(G) = 1 and µG(H) = −
∑
H<K≤G µG(K) if H < G.
1. Let p be a fixed prime. Assume that almost every nonabelian composition factor of G is a
simple group of Lie type over a field of characteristic p. If PG(s) is rational then G/Frat(G) is
finite. [Theorem A, Chapter 3]
2. Assume that almost every nonabelian composition factor of G is isomorphic to PSL(2, p) for
some prime p ≥ 5. If PG(s) is rational then G/Frat(G) is finite. [Theorem B, Chapter 4]
3. Assume that almost every nonabelian composition factor of G is a sporadic simple group. If
PG(s) is rational then G/Frat(G) is finite. [Theorem C, Chapter 5]
4. Assume that almost every nonabelian composition factor of G is isomorphic to either PSL(2, p)
for some prime p ≥ 5, or a sporadic simple group, or an alternating group Alt(n) with n either a
prime or a 2-power. If PG(s) is rational then G/Frat(G) is finite. [Theorem D, Chapter 6]
5. Assume that G has linear subgroup growth, i.e., there exists a non-negative real number c such
that for all n, the number of index n subgroups in G is at most cn. If PG(s) is rational then
G/Frat(G) is finite.
The following two propositions are concerned with the convergence of the series PG(s). Let Λ(G)
be the set of finite monolithic groups L such that soc(L) = S1 × · · · × Sr is nonabelian and L is
an epimorphic image of G. For each L ∈ Λ(G), let XL be the subgroup of Aut(S1) induced by the
conjugation action of NL(S1) on S1. Then XL is a finite almost simple group with socle S1 (see
Section 2, Chapter 2).
Fix two non-negative real numbers c1 and c2. A finite almost simple group X is said to be (c1, c2)-
bounded if the following hold.
• b∗n(X) ≤ nc1 for all n, where b∗n(X) denotes the number of index n subgroups Y of X with
X = Y · soc(X);
• |µX(Y )| ≤ |X : Y |c2 for each Y ≤ X with X = Y · soc(X).
It is known that if XL is (c1, c2)-bounded for all L ∈ Λ(G) then PG(s) converges absolutely on some
half-plane (see [Luc11a]).
6. If X is a finite almost simple group with socle PSL(2, q), where q ≥ 4 is a prime power, then X
is (2, 1)-bounded.
7. If almost every nonabelian composition factor of G is isomorphic to PSL(2, q), where q ≥ 4 is a
prime power, then PG(s) converges absolutely in some half-plane.
For each n ∈ N, let bn(G) be the number of subgroups H of index n in G with µG(H) 6= 0 and cn(G)
the number of subgroups of index n that can be written as an intersection of maximal subgroups
of G. Since each H with µG(H) 6= 0 is an intersection of maximal subgroups (see [Hal36]), we have
that bn(G) ≤ cn(G) for each n ∈ N. It is conjectured that there exists a non-negative real number
α such that for all n, one has bn(G) ≤ nα.
8. If G is pro-supersoluble then there exists a non-negative real number β such that for all n, one
has cn(G) ≤ nβ.
9. Not every direct product of finite simple groups is the profinite completion of an abstract group.
